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Abstrad We demonsmate that fractal cluslers of small metal particles suspended in a dielectric 
hosf have a much larger absorption coefficient in the far-infrared region. The previous linear 
result is verified and generalired to the non-linear results. As a qwi-analytical model for lhe 
non-line% wponse of fractal clusters. \ye derive the non-linea differenuol effectivemedium 
approximation in an m m p t  to understand the enhanced non-linear response. 

1. Introduction 

Recently, the physics of non-linear composite media has attracted much attention [I- 
81. A typical system is that of a composite material in which a material with non-linear 
displacement-field (D-E) response is randomly embedded in a host medium which can be 
either linear or non-linear: 

D = € E +  XIE12E 
where E and x represent respectively the linear dielectric function and non-linear 
susceptibility of the medium. We denote gm and xm as the coefficients in the. host and 
E ,  and xi as those in the inclusion. 

When small metal particles are suspended in a dielectric host. the composite is found to 
have a long-wavelength absorption coefficient proportional to the frequency, which agrees 
with classical electromagnetic theory in the quasistatic limit. However, the strength of the 
observed absorption exceeds the theoretical prediction by several orders of magnitude 19- 
121. A variety of methods have been proposed for the enhanced linear response [13]. Among 
these, i t  is suggested that non-random clustering may be a major factor in the enhancement 
[11, 121. In this work, we extend the consideration to the non-linear response functions 
of a fractal cluster embedded in a host medium [14, 151. Moreover, as a quasi-analytical 
model for the non-linear response of fractal clusters, we derive the non-linear differential 
effective-medium approximation [ 161 in an attempt to understand the enhanced non-linear 
response. It is our aim here to verify the previous linear result [I71 and generalize to the 
non-linear results. 

2. Dilute suspension of metal particles in a dielectric host 

Consider a composite in two dimensions (2D), containing a small volume fraction pi of metal 
particles embedded in a dielectric host. The metallic component has a frequency-dependent 
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but field-independent complex dielectric function described by the Drude model: 

where E: c 0, 6: > 0, and e /  >> IQ$ The dielectric host is assumed to have a purely real, 
frequency-independent but jield-dependent dielectric function: 

(2) 

where xmlEIZ << e ,  is obeyed for weak non-linearity. In what follows, we are interested 
in the small-o behaviour in the far-infrared regime. Let y 15: O.lo,. and o 15: O.OOIw,, we 
may expand the et-function as 

€:L(E) = E ,  + X” 

where we have assumed wp = I .  For convenience, let us define a permittivity ratio h = Q, It, 
and express it in a small-frequency expansion 

(3) 
Throughout this work, the ratio h is treated as a small parameter. The metallic inclusion is 
assumed to be in the form of circular cylinders 161. In the dilute limit, the effective linear 
response function is well described by the Mawwell-Garnett formula, valid in two spatial 
dimensions: 

2 2  h = - i w y c , - - E m ( l - y ) o  i.... , 

t, = ~ m ( l  + 2pibo) 

bo = ( ~ i  - <,)/(hi + E , )  

(4) 

(5) 
is the dipolar factor relating the inclusion and the host medium. The small-h expansion of 
bo is given by 

bo = 1 - 2h + 2h2 +.  ” .  (6) 
We thus obtain the Car-infrared absorption which is proportional to the imaginary part of 
the linear response: 

(7) 
The non-linear response is given by an analogous dilute-limit expression previously derived 
for random non-linear composites [6-81: 

MC 2 Im(e, ) = 4piIhle, = 4 p i w y ~ , .  

(10) 
1 
3 

g, = -1 +4bo +4bi 4- -bi 
’ 

are local field factors in the inclusion and host regions. For linear metal inclusions, xi = 0 
and 

22 80 
g,=--- 3 h + . . .  

The effective non-linear susceptibility ,ye can also be o b i n e d  and the non-lincar absorption 
is proportional to the imaginary part of the non-linear response: 

80 80 MO - ) - -P i lh lXm 3 = -piwye”X,. 3 
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3. The cluster response in the differential effective-medium approximation 

In this section, we derive the differential effective-medium approximation (DEMA) [16] 
as a quasi-analytical model for the non-linear response of fractal clusters, generalizing a 
similar scheme developed previously for linear response. We shall restrict ourselves to two 
dimensions where analytic rather than merely numerical solutions can be obtained. 

Figure 1. Formation of ihe effective-cluster response in the 
differenlid effectivemedium approximation. (a) A pure 
type-l (€1 .  XI)  cylindrical inclusion has B ndius U ,  The 
volume fraction of host medium (62,  ~ 2 )  is increased by 
adding type-2 inclusions (shaded circles). (b) The effective- 
linear-cluster response at size R is c,(R). The size is 
increased to R+6R while the change in the effective-linear- 
cluster response 6c, can be determined. The change in the 
effective-non-linw-cluster rrsponse 6xE can be determined 
in essentially the same way; see the text. 

We shall use the results of random composites in the dilute limit (equations (4) and (8)) 
to obtain an approximate expression for the non-linear response of a cluster. In order to 
describe a fractal cluster of type 1 embedded in a host medium of type 2, we start with a 
pure type-1 cylinder of radius a as shown in figure l(a), for which pI = 1 and p2 = 0. 
The volume fraction of host medium is increased by adding type-2 material in the form of 
cylinders. As shown in figure I(b), let the cluster at radius R have effective response e e ( R )  
and x.(R). Now increase R by 6R and the volume fraction by 6p2. Then from equations 
(4) and (S), we find 

6<, = Spz [26,b] (13) 

6 x e  = SPZ lgxe + 82x21 (14) 

where 5,  gz and g have correspondingly similar forms as equations (5 ) ,  (9) and (10) and 
are given by 

(15) 

(16) 

(17) 

- 

b = (€2 - E c ) / ( E 2  + c) 
gz =  ME^ + 6.11~ 

= -1 + 4 ~  +G + 1 6 4 .  
3 
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Equations (13) and (14) are ordinary differential equations for the effective linear and non- 
linear response of clusters as functions of p2 in ZD. They can usually be solved numerically. 
However, analytic solutions can be obtained in 2D. For the linear response, we find 

where f = 1 - pz is the volume fraction of the cluster; f decreases from unity towards 
zero and .$ varies from cl to €2 as the cluster size increases. Accordingly, the dipolar factor 
6 varies from 

60 = (€2 - El)/(tZ + €1) (19) 
towards 0- in the same limit. If €2 < 61,  then 60 x -1. The non-linear response is readily 
integrated from equation (14): 

Equations ( I  8) and (20) are the central results for the linear and non-linear response functions 
for clustering of a non-linear malerial in a host medium, which remain general within DEMA. 
We should remark that the present approach does not necessarily assume that the cluster is 
fractal. If, however, the cluster is indeed a fractal of fractal dimension df, then the volume 
fraction of non-linear fractal inclusion is related to the cluster size as 

f z (R/a)-"-"' (21) 
and simple analytic results can be obtained. If the theory is applied to non-fractal clusters. 
then the calculations will not only be more complicated but they also provide no simple 
analytic result. The results are readily applied to a linear fractal embedded in  a non-linear 
host. We invoke the initial condition x. = X I  = 0 at R = a;  the constant of integration is 
determined to be C = 0. We find 

For a large cluster size R ,  however, E, -+ €2 and 6 + 0- and we find x. -+ xz as it 
should. We are now in a position to obtain analytic expressions for the effective response 
of clustering metal particles in a dielectric host. We take E I  = E , ,  EZ = E ,  and h = e , /€! .  
The quadratic equation ( I  8) can be readily solved to give 

&h. f) = [ fZ(l  - h)' + 2h + f ( l  - h)Jf2(1 - h)z  + M I .  (23) 

In the limit of simultaneously small h and f (i.e. large sizes), we find 

E: =€jh( l+Zy+J1+44. ) /2y  (24) 
where y = hf-'. The result shows that y = hf-* is the relevant scaling variable. For 
convenience of subsequent studies. the dipolar factor b between the cluster and the dielectric 
host is defined: 

b = (E:' - Em)/(EE1 + E,) ( E )  
which attains a limiting value bo at small sizes while it  obeys the following scaling form in 
the limit of small h and f :  

(26) b = (1 + 4y)-'/' 
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and 0 < b c 1. In terms of b ,  the non-linear response is given by 

In the limit of small y .  i.e. h f - 2  < I .  b x 1 - 2y ,  bo x 1 - 2h, the non-linear response of 
a cluster is given by 

(28) 
One can see that there is a substantial enhancement in the non-linear response. In 
the following, we shall consider a dilute suspension of fractal clusters and calculate 
the composite response. The enhancement of the non-linear response is revealed by a 
comparison with that obtained from a random mixture of an idenfical fraction of metallic 
particles where the MaxwellGarnett formula is valid. 

4. The composite response for a dilute suspension of fractal clusters 

Let us consider a dilute suspension of volume fraction p of circular clusters of radius R 
embedded in a dielectric host; the composite response is given by the dilute-limit expressions 
in section 2. For the linear response, 

(29) 
where b is the dipolar factor between the cluster and the host as given by equation (25). 
For small y = hf-’.  we find 

x:’ = 24xm(1 - f 2 i 3 ) ( l  - 5 y  + .  . .). 

E,  = em(] + 2pb)  

Im(c,) = 4pf-’1hlem. (30) 
Comparing the result with the Maxwell-Gamett formula (equation (4)) with a volume 
fraction pi = pf, Im(eFG) = 4pfIhl<,, we find an enhancement factor 

Note that equation (31) agrees with previous linear result [17]. For the non-linear response, 
the composite response can be calculated from equation (8). One can show that the 
contribution from the local field factor of the embedding clusters is of higher order in 
y, i.e. gx:’ 4 384xmy4 + ’ .  . . Retaining the leading contribution, we find 

(32) 
80 W x d  = 7Pf-21hlXm.  

We therefore obtain an enhancement factor for the non-linear response: 

With slight modifications, the results are readily generalized to three dimensions. Note that 
the dipolar factor still obeys a scaling form b = @ ( y )  in three dimensions, where 4 ( y )  is 
given by one of the solutions of the cubic equation: 

but the relevant scaling variable is changed to y = hf -3/2. Following essentially the same 
arguments as in 2D. the enhancement factors in three dimensions are given by 

( 2  - 27yZ)b3 - 3b2 I- I = 0 

(34) 

(35) 
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5. Discussion 

Equations (33) and (35) are the central results of our present work. The DEMA results 
are expected to give a reasonable estimate of the enhancement factor. While the present 
investigation accounts only for the effect of clustering on the enhanced non-linear response, 
which we believe is the important one, other methods of enhancement are certainly 
viable 1131. Also. the results can naturally be generalized to the non-linear response of 
realistic fractals, generated in various aggregation processes [18-20]. The fractal geometty 
should have an observable effect on the non-linear as well as the linear properties 1211. 
The non-linear response may be analysed by the non-linear differential effective-medium 
approximation presented here. In realistic composites, typically there are clusters of various 
sizes randomly distributed in a host medium. The dilute-limit expressions (equations (4) 
and (8)) can be used to calculate the composite response of a dilute suspension of clusters. 
Moreover, in order to take into account clusters of various sizes, an integration over a 
specified distribution of cluster sizes is needed [16]. The predicted enhancement may 
be observed in experiments on non-linear fractal cluster dispersions, on which, to our 
knowledge, it has  never been reported. Finally, if one is interested in a higher-order 
non-linear response, the perturhative scheme [6, 71 can be used. We expect even larger 
enhancement will occur in higher-order susceptibilities. 
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